Abstract. We show that a generalization of quantales and prequantales provides a noncommutative and nonassociative abstract ideal theoretic setting for the theories of star operations, semistar operations, semiprime operations, ideal systems, and module systems, and conversely the latter theories motivate new results on quantales and prequantales. Results include representation theorems for precoherent prequantales and multiplicative semilattices; a characterization of the simple prequantales; and a generalization to the setting of precoherent prequantales of the construction of the largest finite type semistar operation and the largest stable semistar operation smaller than a given semistar operation.
Introduction
Certain classes of ordered algebraic structures-Boolean algebras, Heyting algebras, multiplicative lattices, residuated lattices, locales, and quantales, to name a few-have led to the unification of aspects of logic, order theory, algebra, and topology. One such set of unifications was initiated in the mid 1920s by Krull in the study, known as abstract commutative ideal theory, of the ideal lattice of a commutative ring as a multiplicative lattice [1, 16] . Independently of the work on multiplicative lattices and residuated lattices [28] , another set of notions, including Brouwer lattices, Heyting algebras, and frames, eventually led to the study of locales, or "pointfree topological spaces" [14] . These in turn led to a common generalization of multiplicative lattices and locales known as quantales, or "quantum locales". Quantales were introduced in [20] by Mulvey in order to provide a lattice theoretic setting for the foundations of quantum mechanics and the theory of C * -algebras and to develop the concept of noncommutative topology introduced in [8] by Giles and Kummer. This paper concerns a generalization of quantales known as prequantales [26, Definition 2.4.2] and their applications to abstract ideal theory and commutative ring theory. Specifically, we show that the theory of nuclei on ordered magmas [6, Section 3.4.11] , and more specifically on suitable generalizations of prequantales, provides a noncommutative and nonassociative abstract ideal theoretic setting for the theories of star operations, semistar operations, ideal systems, and module systems, and conversely the latter theories motivate new results on quantales and prequantales. Sections 2 through 11 provide new results on nuclei, as well as on various classes of ordered magmas both new and old, including prequantales, multiplicative lattices, and multiplicative semilattices. The last three sections, Sections 12 through 14, apply these results to star and semistar operations and ideal and module systems.
This introduction summarizes in some detail our main definitions and results. First, a magma is a set M equipped with a binary operation on M , which we write multiplicatively. A magma is unital if it has an identity element. An ordered magma is a magma M equipped with a partial ordering ≤ on M such that x ≤ x ′ and y ≤ y ′ implies xy ≤ x ′ y ′ for all x, x ′ , y, y ′ ∈ M . A prequantale is an ordered magma Q such that the supremum X of X exists and a( X) = (aX) and ( X)a = (Xa) for any a ∈ Q and any subset X of Q. A quantale is an associative prequantale; a multiplicative lattice is a commutative unital quantale; and a frame, or locale, is a multiplicative lattice in which multiplication is the operation ∧ of infimum. A prequantale (resp, quantale, multiplicative lattice) is equivalently a magma object (resp., semigroup object, commutative monoid object) in the monoidal category of sup-lattices, that is, the category of complete lattices equipped with the tensor product with morphisms as the sup-preserving functions [15, Section II.5] . Restricting X to be among certain subclasses of subsets of Q in the definition above of prequantales yields more general structures. We say that a near prequantale (resp., semiprequantale) is an ordered magma Q such that X exists and a( X) = (aX) and ( X)a = (Xa) for any a ∈ Q and any nonempty subset X (resp., any nonempty finite or bounded subset X) of Q. A near prequantale is equivalently a semiprequantale Q with a largest element, and a prequantale is equivalently a near prequantale Q with a smallest element Q that annihilates every element of Q. Informally we think of a near prequantale as a "prequantale without annihilator" and a semiprequantale as an "unbounded prequantale". We define the terms near quantale, semiquantale, near multiplicative lattice, and semimultiplicative lattice in the obvious way. A theme of this paper is that many known results about quantales and multiplicative lattices generalize to these more general structures. (1) If a is an idempotent element of a prequantale Q, then the set Q ≤a = {x ∈ Q : x ≤ a} is a subprequantale of Q, while the set Q ≥a = {x ∈ Q : x ≥ a} is a sub near prequantale of Q. (2) If Q is a prequantale and xy = 0 implies x = 0 or y = 0 for all x, y ∈ Q, where 0 = Q, then Q−{0} is a sub near prequantale of Q. In particular, the set 2 M −{∅} of all nonempty subsets of a magma M is a sub near prequantale of the prequantale 2 M . (3) Any complete lattice is a near multiplicative lattice under the operation ∨ of supremum.
In particular, one can characterize a semistar operation on D as a self-map ⋆ of K(D) satisfying a single axiom, namely, statement (4) of the theorem above. Moreover, it follows that the set of all semistar operations on D depends only on the ordered magma K(D). Most importantly, however, the theorem suggests that there is potential overlap among the theory of semistar operations, abstract ideal theory, and the theory of quantales. In fact, the connections among these theories suggested by Theorem 1.4 are the main inspiration for this paper.
The weak ideal systems and module systems of [10, 11] , which generalize semiprime operations and semistar operations, respectively, can also be characterized as nuclei. For any magma M , let M 0 denote the magma M ∐ {0}, where 0x = 0 = x0 for all x ∈ M 0 . A module system on an abelian group G is a closure operation r on the multiplicative lattice 2 G0 such that ∅ r = {0} 
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u } r r r r r r r r r r r r r r om and (cX) r = cX r for all c ∈ G 0 and all X ⊂ G 0 . The following result, along with a similar characterization of weak ideal systems, is proved in Section 12. Theorem 1.5. A module system on an abelian group G is equivalently a nucleus r on the multiplicative lattice 2 G0 such that ∅ r = {0}. Moreover, the following are equivalent for any self-map r of 2 G0 such that ∅ r = {0}.
(1) r is a module system on G.
(2) r is a closure operation on the poset 2 G0 and r-multiplication is associative. (3) r is a closure operation on the poset 2 G0 and (
The remainder of this paper is organized as follows. First, in Section 2 we introduce several classes of ordered magmas. Characterizations of the classes defined in that section are given in Table 1 , and the various relationships among these classes are summarized in the lattice diagrams of Figures 1, 2 , and 3. Within any of these three diagrams the intersection of any two of the classes is the class lying directly above both of them. In Sections 3 and 4 we study properties of nuclei and the poset of all nuclei on an ordered magma, with particular attention to the classes of ordered magmas defined in Section 2. In Section 5 we examine the poset of all finitary nuclei on an ordered magma, where a closure operation ⋆ on a poset S is said to be finitary if ( ∆) ⋆ = (∆ ⋆ ) for all directed subsets ∆ of S for which ∆ exists. For example, a finite type semistar operation [22, Definition 3] on an integral domain D is equivalently a finitary nucleus on K(D).
In Section 6 we generalize the well-known construction of the largest finite type semistar operation ⋆ f smaller than a semistar operation ⋆, as follows. An element x of a poset S is said to be compact if whenever x ≤ ∆ for some directed subset ∆ of S for which ∆ exists one has x ≤ y for some y ∈ ∆. Generalizing the notion of a precoherent quantale [26, Definition 4.1.1(2)], we say that an ordered magma M is precoherent if every element of M is the supremum of a set of compact elements of M and the set K(M ) of all compact elements of M is a submagma of M . For example, the near multiplicative lattice K(D) is precoherent for any integral domain X, Y exist X = {z : yz ≤ x} near residuated nr if X = ∅ and ∃x, y : for all X, Y = ∅ such X = {z : zy ≤ x} or that X, Y exist X = {z : yz ≤ x} Figure 2 . Further relationships among classes of ordered magmas M ps+t
t |om D with quotient field F since K(K(D)) is the set of all nonzero finitely generated D-submodules of F . The following result is proved in Section 6. Further relationships among classes of ordered magmas p s { n n n n n n n n n n n n n n n n
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r z n n n n n n n n n n n n n n n n om Theorem 1.6. If ⋆ is any nucleus on a precoherent semiprequantale Q, then there is a largest finitary nucleus ⋆ f on Q that is smaller than ⋆, and one has x ⋆ f = {y ⋆ : y ∈ K(Q) and y ≤ x} for all x ∈ Q.
In Section 7 we prove that the association Q −→ K(Q) yields an equivalence between the category of precoherent near prequantales (resp., precoherent prequantales) and the category of multiplicative semilattices (resp., prequantic semilattices). This result, along with Theorem 1.6 above, provides substantive motivation for the study of precoherent near prequantales. In Section 8 we generalize the generalized divisorial closure semistar operations [25, Example 1.8 (2) ] to the contexts of near prequantales and residuated ordered monoids, and we use this to give a characterization of the simple near prequantales.
In Sections 9 and 10 we examine further the structure of the posets N(M ) and N f (M ) of all nuclei and all finitary nuclei, respectively, on various classes of ordered magmas M . For example, for any near sup-magma M the poset N(M ) has the structure of a near multiplicative lattice under the operation of supremum. In particular, since K(D) for any integral domain D is a near multiplicative lattice, the set N(K(D)) of all semistar operations on D also has such a structure. Also, in Section 10 we determine the compact elements of the poset N f (M ) for a specfic class of precoherent near multiplicative lattices M .
In Section 11 we generalize several known results on stable semistar operations to the context of precoherent semimultiplicative lattices, where a semistar operation ⋆ on an integral domain D is said to be stable if (I ∩ J) [4] . Finally, in Sections 12 through 14 we apply the theory of nuclei to ideal and module systems and star and semistar operations. There, for example, we prove Theorems 1.4 and 1.5, we give a construction of the smallest semistar operation extending a given star operation, and we provide some new examples of semistar operations induced by complete integral closure, plus closure, and tight closure. The last of these examples leads to two potentially useful definitions of tight closure as a semiprime operation on any commutative ring, not necessarily Noetherian, of prime characteristic.
Ordered algebraic structures
If a proof in this paper is omitted then its reconstruction should be routine. All rings and algebras are assumed unital and all magmas are written multiplicatively. For any subset X of a poset S we write X = S X for the supremum of X and X = S X for the infimum of X if either exists. (Note the cases ∅ = S and ∅ = S.)
The category of posets has as morphisms the order-preserving functions. A poset in which every pair of elements of has a supremum (resp., infimum) is said to be a join semilattice (resp., meet semilattice). A lattice is a poset that is both a join and meet semilattice. A poset S is complete if every subset of S has a supremum in S, or equivalently if every subset of S has an infimum S. A complete poset is also known as a complete lattice, or sup-lattice. A poset S is bounded complete if every nonempty subset of S that is bounded above has a supremum in S, or equivalently if every nonempty subset of S that is bounded below has an infimum in S.
We will say that a poset S is near sup-complete, or a near sup-lattice, if every nonempty subset of S has a supremum in S. A near sup-lattice is equivalently a bounded complete poset with a largest element, or equivalently a poset S such that every subset of S that is bounded below has an infimum in S. A sup-lattice is equivalently a near sup-lattice having a least element. A map f : S −→ T between posets is said to be sup-preserving if f ( X) = f (X) for every subset X of S for which X exists. We will say that a map f : S −→ T between posets is near sup-preserving if f ( X) = f (X) for every nonempty subset X of S such that X exists. If f is near sup-preserving, then f is sup-preserving if and only if f ( S) = T or S does not exist. The morphisms in the category of sup-lattices (resp., category of near sup-lattices) are the sup-preserving (resp., near sup-preserving) functions.
A nonempty subset ∆ of a poset S is said to be directed if every finite subset of ∆ has an upper bound in ∆. A poset S is directed complete, or a dcpo, if each of its directed subsets has a supremum in S. We will say that S is a bdcpo if every directed subset of S that is bounded above has a supremum in S. A subset X of S is said to be downward closed (resp., upward closed) if y ∈ X whenever y ≤ x (resp., y ≥ x) for some x ∈ X. The set X is said to be Scott closed if X is a downward closed subset of S and for any directed subset ∆ of X one has ∆ ∈ X if ∆ exists. The set X is Scott open if its complement is Scott closed, or equivalently if X is an upward closed subset of S and X ∩ ∆ = ∅ for any directed subset ∆ of S with ∆ ∈ X. The Scott open subsets of S form a topology on S called the Scott topology. A function f : S −→ T between posets is said to be Scott continuous if f is continuous when S and T are endowed with the Scott topologies. Equivalently, f is Scott continuous if and only if f ( ∆) = f (∆) for every directed subset ∆ of S for which ∆ exists. Every near sup-preserving function is Scott continuous, and every Scott continuous function is order-preserving.
If S and T are posets, then the set S × T is a poset under the relation ≤ defined by (x, y) ≤ (x ′ , y ′ ) iff x ≤ x ′ and y ≤ y ′ . The Scott topology on S × T may be strictly finer than the product of the Scott topologies on S and T [7, . The category of posets equipped with the product × with morphisms as the Scott continuous functions is monoidal.
A magma is unital (resp., left unital, right unital) if it has an identity element (resp., left identity element, right identity element). A submagma of a magma M is a subset of M that is closed under multiplication. A map f : M −→ N of magmas is a homomorphism of magmas if f (xy) = f (x)f (y) for all x, y ∈ M . The morphisms in the category of ordered magmas are the order-preserving magma homomorphisms. We will say that a sup-magma (resp., near sup-magma, dcpo magma, bdcpo magma) is an ordered magma that is complete (resp., near supcomplete, directed complete, a bdcpo) as a poset. The morphisms in the category of sup-magmas (resp., category of near sup-magmas, category of dcpo magmas, category of bdcpo magmas) are the sup-preserving (resp., near sup-preserving, Scott continuous, Scott continuous) magma homomorphisms.
An annihilator of an ordered magma M is a least element 0 = M of M such that 0x = 0 = x0 for all x ∈ M . If an annihilator of M exists then we say that M is with annihilator. Lemma 2.1. The following are equivalent for any ordered magma M .
(1) The map M × M −→ M of multiplication in M is sup-preserving and M is an annihilator of M if M exists (resp., multiplication in M is near sup-preserving, multiplication in M is Scott continuous).
(2) For all a ∈ M , the left and right multiplication by a maps on M are sup-preserving (resp., near sup-preserving, Scott continuous). (3) a( X) = (aX) and ( X)a = (Xa) for any a ∈ M and any subset (resp., any nonempty subset, any directed subset) X of M such that X exists. (4) (XY ) = X Y for any subset (resp., any nonempty subset, any directed subset) X and Y of M such that X and Y exist.
We will say that an ordered magma M is Scott-topological if the map M × M −→ M of multiplication in M is Scott continuous. In other words, a Scott-topological ordered magma is a magma object in the monoidal category of posets equipped with the product × and with morphisms as the Scott continuous functions. Likewise, a Scott-topological ordered semigroup is equivalently a semigroup object in that monoidal category. If M is a topological magma (resp., semigroup) when endowed with the Scott topology, then M is a Scott-topological magma (resp., semigroup); the converse appears to be false, although we do not know a counterexample.
A near prequantale is equivalently a magma object in the monoidal category of near suplattices equipped with the product ×. They form a full subcategory of the category of near sup-magmas. A near quantale (resp., near multiplicative lattice) is equivalently a semigroup object (resp., commutative monoid object) in the monoidal category of near sup-lattices. See Example 1.3 for examples. For a further example, note that the poset of all near sup-preserving self-maps of a near sup-lattice is a unital near quantale under the operation of composition.
An element a of an ordered magma M is said to be residuated if for all x ∈ M there exists a largest element x/a of M such that (x/a)a ≤ x and a largest element a\x of M such that a(a\x) ≤ x. (Some authors denote x/a and a\x by a → x and x ← a, respectively.) An ordered magma M is said to be residuated if every element of M is residuated. By [6, Theorem 3.10], if M is residuated, then for all a ∈ M the left and right multiplication by a maps on M are sup-preserving.
Example 2.2.
(1) By [6, Corollary 3.11] a prequantale is equivalently a complete and residuated ordered magma. (2) Let L be a bounded lattice. Then L is an ordered monoid under the operation ∧ of infimum; L is residuated if and only if L is a Heyting algebra [6, Section 1.1.4]; and L is a quantale if and only if L is a complete Heyting algebra, also known as a frame or locale. (3) If S is a nontrivial complete lattice, then the near multiplicative lattice S under the operation ∨ of supremum is S is not residuated since one has x ∨ {y ∈ S :
Proposition 2.3. The following are equivalent for any ordered magma M .
(1) M is a prequantale.
(2) M is complete and residuated. Although near prequantales are not necessarily residuated, they are "near residuated". We say that an element a of an ordered magma M is near residuated if for all a ∈ M such that za ≤ x (resp., az ≤ x) for some z ∈ M there exists a largest such element z = x/a (resp., z = a\x) of M . We say that M near residuated if every element of M is near residuated. For example, Example 2.2(3) is near residuated. If M is near residuated, then for all a ∈ M the left and right multiplication by a maps on M are near sup-preserving.
Proposition 2.4. The following are equivalent for any ordered magma M .
(1) M is a near prequantale.
(2) M is near sup-complete and near residuated. A multiplicative semilattice is an ordered magma M such that M is a join semilattice and a(x ∨ y) = ax ∨ ay and (x ∨ y)a = xa ∨ ya for all a, x, y ∈ M [3, Section XIV.4]. We will say that a prequantic semilattice is a multiplicative semilattice with annihilator. Proposition 2.6. The following are equivalent for any ordered magma M .
(1) M is a prequantic semilattice (resp., multiplicative semilattice).
(2) a( X) = (aX) and ( X)a = (Xa) for any a ∈ M and any finite subset (resp., any finite nonempty subset) X of M .
(4) (XY ) = X Y for all finite subsets (resp., all finite nonempty subsets) X and Y of M .
Corollary 3.5. Any closure operation ⋆ on an ordered magma M such that T ⋆ (M ) is a supspanning subset of M is a nucleus on M .
For any magma M we let Inv(M ) denote the set of all u ∈ M for which there exists u −1 ∈ M such that the left and right multiplication by u −1 maps are inverses, respectively, to the left and right multiplication by u maps. For any ordered magma M we let U(M ) denote the set of all u ∈ M such that the left and right multiplication by u maps are poset automorphisms of M . One has Inv(M ) ⊂ U(M ) for any ordered magma M , with equality holding if M is a monoid.
⋆ , for all x ∈ M . By symmetry one has u ∈ T ⋆ (M ).
Corollary 3.7. The only nucleus on a partially ordered abelian group is the identity operation. More generally, the only nucleus on an ordered unital magma M with M = Inv(M ) is the identity operation.
We will say that a U-lattice (resp., near U-lattice, semi-U-lattice) is a sup-magma (resp., near sup-magma, ordered magma that is a bounded complete join semilattice) M such that U(M ) is a sup-spanning subset of M . Proposition 3.9. An ordered magma M is a prequantale (resp., near prequantale, semiprequantale) if and only if M is complete (resp., near sup-complete, a bounded complete join semilattice) and the set of all a ∈ M such that the left and right multiplication by a maps on M are suppreserving (resp., near sup-preserving, near sup-preserving) is a sup-spanning subset of M . Corollary 3.10. Any U-lattice (resp, near U-lattice, semi-U-lattice) is a prequantale (resp., near prequantale, semiprequantale).
⋆ is a surjective morphism of near prequantales (resp., prequantales).
is an embedding of near sup-magmas (resp., sup-magmas).
A quantale Q is simple if every nontrivial sup-preserving semigroup homomorphism from Q is injective. More generally, we will say that a near sup-magma M is simple if every nonconstant near sup-preserving magma homomorphism from M is injective. If M is a sup-magma, then this holds if and only if every nontrivial sup-preserving magma homorphism from M is injective, so our definition is consistent with that of a simple quantale. Let d be the identity map on M , and let e : M −→ M be defined by x e = M for all x ∈ M . Both d and e are nuclei. 
The poset of nuclei
Let S be a poset and X a set. The set S X of all functions from X to S is partially ordered, where
for all x ∈ X. If f ≤ g, then we say that f is smaller, or finer, than g, or equivalently g is larger, or coarser, than f . The set C(S) of all closure operations on S inherits a partial ordering from the poset S S . For any ⋆ 1 , ⋆ 2 ∈ C(S) one has ⋆ 1 ≤ ⋆ 2 if and only if S ⋆1 ⊃ S ⋆2 . The identity operation d on S is the smallest closure operation on S. If S exists then there is a largest closure operation e on S, given by x e = S for all x ∈ S. If M is an ordered magma, then we let N(M ) denote the subposet of C(M ) consisting of all nuclei on M . In this section we show that various properties of the poset N(M ) are inherited from corresponding properties of M .
For any self-map ⋆ of a set S we let Fix(⋆) = {x ∈ S : x ⋆ = x}.
Lemma 4.1. Let S be a bounded complete poset, and let + be a preclosure on S that is bounded above by some closure operation on S.
(1) There exists a finest closure operation ⋆ on S that is coarser that +, and one has S ⋆ = Fix(+) and x ⋆ = {y ∈ Fix(+) : y ≥ x} for all x ∈ S. (2) Define x +0 = x and x +α = {(x + β ) + : β < α} for all x ∈ S and all (finite or transfinite) ordinals α. One has + α = ⋆ for all α ≫ 0. (3) If S = M is a near residuated ordered magma and xy + ≤ (xy) + and x + y ≤ (xy) + for all x, y ∈ M , then ⋆ is a nucleus on M .
Proof.
(1) The set {y ∈ Fix(+) : y ≥ x} is nonempty and bounded by the hypothesis on +. Define x ⋆ = {y ∈ Fix(+) : y ≥ x} for all x ∈ S. Clearly ⋆ is a preclosure on S with Fix(+) ⊂ S ⋆ . For the reverse inclusion note that
whence ⋆ is a closure operation on S. It is then clear that ⋆ is the finest closure operation on S that is coarser than +. (2) This follows readily from statement (1).
(3) Let a, x ∈ Q. Let z be any element of Q such that z ≥ ax and z + = z. Set y = a\z. Then y ≥ x and y + = (a\z) + ≤ a\z + = a\z = y, hence y + = y. Moreover, we have ay ≤ z. Therefore we have
By symmetry we also have x ⋆ a ≤ (xa) ⋆ , whence ⋆ is a nucleus.
Let S be a poset and Γ ⊂ C(S). Define partial self-maps ⊓ Γ and ⊔ Γ of S by
respectively, for all x ∈ S such that the respective infima exist.
Lemma 4.2. If S is a near sup-lattice (resp., bounded complete poset, a meet semilattice), then C(S) is a complete lattice (resp., bounded complete poset, a meet semilattice), and one has the following.
(1) C(S) Γ = ⊓ Γ and S ⊔ Γ ⊃ ⋆∈Γ S ⋆ for all subsets (resp., all nonempty subsets, all nonempty finite subsets) Γ of C(S).
(2) C(S) Γ = ⊔ Γ and S ⊔ Γ = ⋆∈Γ S ⋆ for all bounded subsets Γ of C(S) if S is bounded complete, and for all subsets Γ of C(S) if S is a near sup-lattice.
(1) When ⊓ Γ is defined on S it is a preclosure on S, and for all x ∈ S one has (
Therefore ⊓ Γ is a closure operation on S, from which it follows that ⊓ Γ = C(S) Γ. The given inclusion follows immediately from the definition of ⊓ Γ.
(2) Define x + = {x ⋆ : ⋆ ∈ Γ} for all x ∈ S. Clearly + is a preclosure on S, and one has x + = x if and only if x ⋆ = x for all ⋆ ∈ Γ. Therefore ⊔ Γ is a closure operation on S by Lemma 4.1(1), and it follows easily that ⊔ Γ = C(S) Γ. Let x ∈ S and ⋆ ∈ Γ. One has
The following result generalizes [26, Proposition 3. Proposition 4.3. Let M be an ordered magma. If M is near sup-complete (resp., bounded complete, a meet semilattice), then N(M ) is a complete lattice (resp., bounded complete poset, a meet semilattice), and one has the following.
⋆ for all subsets (resp., all nonempty subsets, all nonempty finite subsets) Γ of N(S). Proof.
(1) By Lemma 4.2 it suffices to show that ⊓ Γ is a nucleus. We have
and similarly x ⊓ Γ y ≤ (xy) ⊓ Γ , for all x, y ∈ M , whence ⊓ Γ is a nucleus. (2) By Lemma 4.2 it suffices to show that ⊔ Γ is a nucleus. Since d = ⊔ ∅ is a nucleus we may assume that Γ is nonempty. Let + be the preclosure on M defined in the proof of Lemma 4.2 (2) . For all x, y ∈ M we have
and similarly x + y ≤ (xy) + . Therefore ⋆ is a nucleus by Lemma 4.1(3).
Corollary 4.4. Let M be an ordered magma, and write
⋆ is a poset embedding, and if M is bounded complete then the map is sup-preserving. (1) There exists a closure operation ⋆ on S with C = S ⋆ if and only if {a ∈ C : a ≥ x} exists in S for all x ∈ S. (2) For any such closure operation ⋆ one has x ⋆ = {a ∈ C : a ≥ x} for all x ∈ S, and therefore ⋆ = ⋆ C is uniquely determined by C. (3) If S = M is a near residuated ordered magma and ⋆ C exists, then ⋆ C is a nucleus on M if and only, for all x ∈ C and y ∈ M , one has x/y ∈ C provided x/y exists and y\x ∈ C provided y\x exists.
The next result describes a common situation in which ⋆ 1 ∨ ⋆ 2 = ⋆ 1 • ⋆ 2 for two nuclei ⋆ 1 and ⋆ 2 . The latter operation, though not necessarily closed, is studied in [25, Section 2] and [27] .
If N is a submagma of a near sup-magma M , then for any nucleus ⋆ on N we may define
both of which are nuclei on M . We say that a subset X of an ordered magma M is saturated if whenever xy ∈ X for some x, y ∈ M that are not annihilators of M one has x ∈ X and y ∈ X.
Proposition 4.9. Let M be a near sup-magma and ⋆ a nucleus on a submagma N of M .
If M is a near prequantale and N is a sup-spanning subset of M , then
for all x ∈ M , and ind
(1) This follows easily from Proposition 4.3.
(2) First we define x + = {y ⋆ : y ∈ N and y ≤ x} for all x ∈ M . As N is a sup-spanning subset of M one has x ≤ x + for all x ∈ M . Since + is order-preserving it follows that + is a preclosure on M . One has y + = y if and only if ∀z ∈ N (z ≤ y ⇒ z ⋆ ≤ y), whence by Lemma 4.1(1) it follows that the operation ⋆ M on M defined by
is a closure operation on M . Now, for all a ∈ N and x ∈ M one has
Since N is a sup-spanning subset of M , it follows that xy + ≤ (xy) + , and by symmetry x + y ≤ (xy) + , for all x, y ∈ M . Thus ⋆ M is a nucleus by Lemma 4.1(3). Now, + is the finest preclosure on M whose restriction to N is ⋆, and by Lemma 4.1(1) the operation ⋆ M is the finest closure operation on M that is coarser than +, and one has (⋆ M )| N = ⋆. It follows that ⋆ M is the finest closure operation on M whose restriction to N is ⋆. Therefore, since ⋆ M is a nucleus we must have ⋆ M = ind M (⋆) by statement (1). (3) It suffices to show that the operation defined in the statement is a nucleus. This is easy to check. Table 2 .
Recall that an element x of a poset S is said to be compact if, whenever x ≤ ∆ for some directed subset ∆ of S such that ∆ exists, one has x ≤ y for some y ∈ ∆. Any minimal element of S, for example, is compact. We let K(S) denote the set of all compact elements of S.
Example 5.1.
(1) For any set X, the set K(2 X ) of compact elements of the complete lattice 2 X is equal to the set of all finite subsets of X.
(2) For any algebra A over a ring R, the compact elements of the quantale Mod R (A) of all R-submodules of A are precisely the finitely generated R-submodules of A.
A element x of a poset S is algebraic if x is the supremum of a set of compact elements of S, or equivalently, if one has x = {y ∈ K(S) : y ≤ x}. We say that a poset is algebraic if all of its elements are algebraic. Note, however, that an algebraic complete lattice is said to be an algebraic lattice. For example, for any set X, the poset 2 X is an algebraic lattice, and the poset 2 X −{∅} is an algebraic near sup-lattice with K(2 X −{∅}) = K(2 X )−{∅}. For any set X and any set Γ of self-maps of X, let Γ denote the submonoid generated by Γ of the monoid of all self-maps of X under composition.
Lemma 5.2. Let S be a poset.
(1) If S is a dcpo (resp., bdcpo) then C f (S) is complete (resp., bounded complete) and one has C f (S) Γ = C(S) Γ and x C(S) Γ = {x γ : γ ∈ Γ } for all x ∈ S and for any subset (resp., any bounded above subset) Γ of C f (S). (2) If S is a near sup-lattice, then C f (S) is a sub sup-lattice of the sup-lattice C(S). (3) If S is an algebraic meet semilattice, then C f (S) is a sub meet semilattice of the meet semilattice C(S).
(1) Define a preclosure σ of S by x σ = {x γ : γ ∈ Γ } for all x ∈ S. The map σ is defined because the set {x γ : γ ∈ Γ } is directed (and bounded above if Γ is bounded above) for any x ∈ S. Let x ∈ S, and let X = {x γ : γ ∈ Γ }. Then
, so σ is a closure operation on S, and clearly σ = C(S) Γ. It remains only to show that σ is finitary, since it will follow that σ = Cf (S) Γ. Let ∆ be a directed subset of S. Then we have ( ∆)
′ ∈ C f (S). By Lemma 4.2 it suffices to show that ⋆ ∧ ⋆ ′ ∈ C(S) is finitary. Let ∆ be a directed subset of S such that x = ∆ exists, and let z = x
Therefore, taking the supremum over all compact t ≤ z, we see that z ≤ u. Therefore ( ∆)
Proposition 5.3. Let M be an ordered magma.
(1) If M is a Scott-topological dcpo magma (resp., Scott-topological bdcpo magma) then N f (M ) is complete (resp., bounded complete) and one has Nf (M) Γ = N(M) Γ and
for all x ∈ M and for any subset (resp., any bounded above subset) Γ of N f (M ). Proof. By the lemma it suffices to observe that the closure operation x −→ {x γ : γ ∈ Γ }, when defined for Γ ⊂ C f (M ), is multiplicative if M is Scott-topological.
Finitary nuclei on precoherent semiprequantales
Generalizing [26, Definition 4.1.1], we say that an ordered magma M is precoherent if M is algebraic and K(M ) is closed under multiplication, and we say that M is coherent if M is precoherent and unital with 1 compact. Example 6.5.
(1) For any magma M , the prequantale 2 M is precoherent, and if M is unital then 2 M is coherent. (2) A K-lattice is a precoherent multiplicative lattice. We say that a near K-lattice is a precoherent near multiplicative lattice. For example, if M is a commutative monoid, then 2 M is a K-lattice and 2 M −{∅} is a near K-lattice. The following result reveals two subclasses of the precoherent semiprequantales.
Proposition 6.7. Let M be an ordered monoid. Then M is a near U-lattice (resp., semi-Ulattice) with 1 compact if and only if M is complete (resp., a bounded complete join semilattice), coherent, and every compact element of M is the supremum of a subset of U(M ); in that case the compact elements of M are precisely the suprema of the finite subsets of U(M ).
Corollary 6.8. Any near U-lattice (resp., semi U-lattice) that is associative and unital with 1 compact is a coherent near quantale (resp., coherent semiquantale).
Proposition 6.7 follows easily from the following lemma, which generalizes the fact that every invertible fractional ideal of an integral domain is finitely generated.
Lemma 6.9. For any ordered magma M one has
, and if M is unital then the following conditions are equivalent.
(
Proof. The given inclusion is clear, and the implications (1) ⇒ (2) ⇒ (3) ⇒ (1) follow.
Precoherent prequantales and multiplicative semilattices
In this section we apply the theory of nuclei to construct a representation of any precoherent near prequantale (resp., precoherent prequantale) as the ideal completion of some multiplicative semilattice (resp., prequantic semilattice), and conversely a representation of any multiplicative semilattice (resp., prequantic semilattice) as the ordered magma of the compact elements of some precoherent near prequantale (resp., precoherent prequantale). These representations yield appropriate category equivalences.
A subset I of a poset S is said to be an ideal of S if I is a directed downward closed subset of S. For any x ∈ S, the set ↓x = {y ∈ S : y ≤ x} is an ideal of S called the principal ideal generated by x. The ideal completion Idl(S) of S is the set of all ideals of S partially ordered by the subset relation. If S is a join semilattice, then, for any nonempty subset X of S, we let ↓X = {y ∈ S : y ≤ T for some finite nonempty T ⊂ X}.
Lemma 7.1. Let S be a join semilattice.
(1) For any nonempty subset X of S, the set ↓X is the smallest ideal of S containing X.
(2) The operation ↓ is a finitary closure operation on the algebraic near sup-lattice 2 S −{∅} with im↓ = Idl(S). (3) If S has a least element, then the operation ↓ extends uniquely to a finitary closure operation on the algebraic sup-lattice 2 S such that ↓∅ = S.
Proof. Clearly ↓ X is nonempty and downward closed. Let y, y ′ ∈↓ X. Say y ≤ T and y ′ ≤ T ′ , where T, T ′ are finite nonempty subsets of X. Then y ∨y ′ ≤ (T ∪T ′ ), so y ∨y ′ ∈↓X. Therefore ↓X is an ideal of S. Let I be any ideal of S containing X. For any x ∈↓X, one has x ≤ T with T ⊂ X finite and nonempty, so T ≤ z for some z ∈ I, whence x ∈ I since x ≤ z. Thus ↓X ⊂ I. Therefore ↓X is the smallest ideal of S containing X and ↓ is a closure operation on 2 S −{∅}. To show that ↓ is finitary, we show that ↓X = ↓{T : T ⊂ X finite and nonempty} for any X ∈ 2 S −{∅}. Let x ∈↓X. Then x ≤ T , where T ⊂ X is finite and nonempty. But T ∈↓T , so x ∈↓T . This proves (1) and (2), and (3) Proposition 7.2. Let L be an algebraic near sup-lattice and S a join semilattice.
(1) Idl(S) is an algebraic near sup-lattice. Proof. By Lemma 7.1 the map ↓ is a finitary nucleus on the algebraic near sup-lattice 2 S −{∅} with im ↓ = Idl(S). By Lemma 6.3, then, it follows that Idl(S) is an algebraic near sup-lattice with K(Idl(S)) =↓ (K(2 S −{∅})) = {↓ x : x ∈ S}. This implies (1) and (3). Next, K(L) is nonempty and therefore a sub join semilattice of L by Lemma 6.1. This proves (2) . Finally, the map f : I −→ I in (4) is well-defined because L is a near sup-lattice, the map f is clearly order-preserving, and the map x −→ (↓x) ∩ K(L) is an order-preserving inverse to f because L is algebraic and K(L) is a join semilattice. Theorems 7.4 and 7.7 below generalize [26, Proposition 4.1.4] and are analogues of Proposition 7.2 for precoherent near prequantales and precoherent prequantales, respectively. First, we show that the ideal completion of a multiplicative semilattice (resp., prequantic semilattice) is a precoherent near prequantale (resp., precoherent prequantale) under the operation of ↓-multiplication, defined by (I, J) −→↓(IJ). Proof. We prove statement (1). The proof of (2) is similar. Let X, Y ∈ 2 M −{∅}, and let z ∈↓X and w ∈↓Y . Then z ≤ S and w ≤ T for some finite nonempty sets S ⊂ X and T ⊂ Y . Therefore zw ≤ S T = (ST ), where ST is a finite nonempty subset of XY , so zw ∈↓(XY ). Thus we have ↓X ↓Y ⊂↓(XY ), so ↓ is a finitary nucleus on 2 M −{∅} by Lemma 7.1. By Theorem 6.4, then, Idl(M ) is a precoherent near prequantale.
The morphisms in the category of precoherent near prequantales (resp., category of precoherent prequantales) are morphisms f : Q −→ Q ′ of near prequantales (resp., prequantales), with Q and
Theorem 7.4. Let Q be a precoherent near prequantale and let M be a multiplicative semilattice.
(1) Idl(M ) is a precoherent near prequantale under ↓-multiplication. 
′ is a morphism of multiplicative semilattices, then the map Idl(g) :
given by Idl(g)(I) =↓ (g(I)) for all I ∈ Idl(M ) is a morphism of precoherent near prequantales. (7) The associations K and Idl are functorial and provide an equivalence of categories between category of precoherent near prequantales and the category of multiplicative semilattices.
Proof. Statement (1) follows from Lemma 7.3, and (2) is clear. To prove (3), note that the map
of magma homomorphisms and is therefore a magma homomorphism. Thus it is an isomorphism of ordered magmas, by Proposition 7.2(3). The map in statement (4) is a magma homomorphism by Proposition 2.4 and therefore is an isomorphism of ordered magmas by Proposition 7.2(4).
Statement (5) is clear. To prove (6), first note that g(↓X) ⊂ ↓(g(X)) for any nonempty subset X of M . The map Idl(g) is then easily shown to be a morphism of near prequantales, and since Idl(g)(↓x) =↓(g(x)) for all x ∈ Q, it follows from (3) that Idl(g) is a morphism of precoherent near prequantales. Finally, (7) follows from (1) through (6).
Corollary 7.5. The following are equivalent for any ordered magma M .
(1) M is a precoherent near prequantale.
(2) M is isomorphic to the ideal completion Idl(N ) under ↓-multiplication of some multiplicative semilattice N . Theorem 7.7. One has the following.
′ is a morphism of prequantic semilattices, then the map Idl(g) :
given by Idl(g)(I) =↓ (g(I)) for all I ∈ Idl(M ) is a morphism of precoherent prequantales. The results in this section also specialize to coherent prequantales and unital prequantic semilattices, as well as to coherent near prequantales and unital multiplicative semilattices. Likewise, all of these results specialize to the corresponding settings where all operations in question are associative and/or commutative.
Divisorial closure and simple near prequantales
In this section we generalize the generalized divisorial closure semistar operations [25, Example 1.8 (2) for all x ∈ Q; alternatively, x v(a) is the largest element of Q such that rxs ≤ a implies rx v(a) s ≤ a for all r, s ∈ Q.
Proof. Let x ⋆ = {y ∈ Q : ∀r, s ∈ Q (rxs ≤ a ⇒ rys ≤ a)} for all x ∈ Q. Since Q is a near quantale, one has y ≤ x ⋆ if and only if rxs ≤ a implies rys ≤ a for all r, s ∈ Q. Therefore by Lemma 8.4 one has ⋆ = v(a). Proof. We may assume 0 < 1. Note that r1s ≤ 0 implies rxs = rsx ≤ 0 for all x, r, s ∈ Q, whence by Corollary 8.6 one has x ≤ 1 for all x ∈ Q. Therefore, for any a ∈ Q, one has (a ∨ x)(a ∨ y) = a 2 ∨ ay ∨ xa ∨ xy ≤ a ∨ xy for all x, y ∈ Q. It follows that the map x −→ a ∨ x is a nucleus on Q, whence a ∨ x = x for all x if a < 1. It follows, then, that Q = {0, 1}. Proposition 8.5 and Corollary 8.6 may be generalized to any near prequantale as follows. Let M be any magma. For any r ∈ M , define self-maps L r and R r of M by L r (x) = rx and R r (x) = xr for all x ∈ M , which we call translations. Let Lin(M ) denote the submonoid of the monoid of all self-maps of M generated by the translations. If M is a monoid then any element of Lin(M ) can be written in the form L r • R s = R s • L r for some r, s ∈ M . The proofs above readily generalize to yield the following. Proposition 8.8. Let Q be a near prequantale and a ∈ Q. Then one has
Corollary 8.9. A near prequantale Q is simple if and only if, for any x, y, a ∈ Q with a < Q, one has x ≤ y if and only if f (y) ≤ a implies f (x) ≤ a for all f ∈ Lin(Q).
The following notion of cyclic elements generalizes [26, Definition 3.3.2] . Let M be an ordered magma. We say that a ∈ M is cyclic if xy ≤ a implies yx ≤ a for all x, y ∈ M . If M is associative, then a is cyclic if and only if x 1 x 2 x 3 · · · x n ≤ a implies x 2 x 3 · · · x n x 1 ≤ a for any positive integer n and any x 1 , x 2 , . . . , x n ∈ M . If M is near residuated, then we let M L a (resp., M R a ) denote the set of all x ∈ M for which a/x (resp., x\a) is defined and we let M Proposition 8.10. Let M be a residuated ordered monoid, or a near residuated ordered monoid such that M exists. Then v(a) exists for any cyclic element a of M and is given by
and x ⋆ = M otherwise. We claim that x ⋆ is the largest element y of M such that rxs ≤ a implies rys ≤ a for all r, s ∈ M . By Lemma 8.4 the proposition follows from this claim. First, note that rxs ≤ a implies srx ≤ a, which implies that x ∈ M LR a . Therefore, if x / ∈ M LR a , then M is the largest element y of M described above. Suppose, on the other hand, that
This proves our claim.
Corollary 8.11. A near multiplicative lattice Q is simple if and only if x/y exists and x/(x/y) = y for all x, y ∈ Q such that x, y < Q. In particular, a multiplicative lattice Q is simple if and only if x/(x/y) = y for all x, y < Q.
Example 8.12. Let G be a bounded complete partially ordered abelian group. Let G[∞] = G∐ {∞}, where a∞ = ∞a = ∞ and a < ∞ for all a ∈ G. Then G[∞] is a simple near multiplicative lattice, by Corollary 8.11. However, the multiplicative lattice
Recall that a near U-lattice is a near sup-magma Q such that U(Q) is a sup-spanning subset of Q. We end this section by generalizing the well-known fact that I v(D) = {xD : x ∈ F and xD ⊃ I} for any integral domain D with quotient field F and any I ∈ K(D). Proposition 8.13. For any associative unital near U-lattice Q one has x v(a) = {uav : u, v ∈ U(Q) and x ≤ uav} for all a, x ∈ Q.
Proof. The nucleus v(a) exists by Propositions 8.2 and 3.10. Let x ⋆ = {uav : u, v ∈ U(Q), x ≤ uav} for all x ∈ Q. Clearly ⋆ is a closure operation on Q with a ⋆ = a. Moreover, for all x ∈ Q and w ∈ U(Q) one has wx
Further structure on the poset of nuclei
In this section we examine further the structure of the poset N(M ) of all nuclei on M for various classes of ordered magmas M . For any magma M , let Idem(M ) denote the set of all idempotent elements of M . For any ordered unital magma M , let R(M ) = Idem(M ) ≥1 = {x ∈ Idem(M ) : x ≥ 1}. Proposition 9.1. Let M be an ordered unital magma.
(1) For any X ⊂ R(M ) such that X exists one has X ∈ R(M ).
(2) If M is Scott-topological, then for any directed subset ∆ of R(M ) such that ∆ exists one has ∆ ∈ R(M ). Proof.
(1) We have X ≥ 1 and (1) and (2) and Proposition 2.7.
An order-preserving Galois connection from a poset S to a poset T is a pair of order-preserving functions f : S −→ T and g : T −→ S such that f (a) ≤ b if and only if a ≤ g(b) for all a ∈ S and all b ∈ T , or equivalently such that g • f ≥ id S and f • g ≤ id T . In that case f • g • f = f and g • f • g = g; the map g • f is a closure operation on S and f • g is an interior operation on T ; and f : S −→ T and g : T op −→ S op are sup-preserving. Moreover, f is injective if and only if g is surjective if and only if g • f = id S , in which case the Galois connection is said to be faithful.
Let M be an ordered commutative monoid. For any a ∈ R(M ) = Idem(M ) ≥1 , the self-map Proof. Let a ∈ R(M ) and
− is an order-preserving Galois connection, and it is faithful since d − is injective. The last statement of the proposition is clear. Corollary 9.3. Let S be a join semilattice with least element.
(1) S is a Scott-topological unital multiplicative semilattice under the operation ∨ S with S = R(S) and N(S) = C(S). Combining the above corollary with Lemma 4.2, we obtain the following. Proposition 9.4. Let S be a complete lattice.
(1) S is a near multiplicative lattice under the operation ∨ S with S = R(S) and N(S) = C(S). 
is an embedding of near multiplicative lattices.
Next, we show that a near prequantale Q is simple if and only if the sequence N n (Q) stabilizes, that is, if and only if there is a positive integer n 0 such that the map
is an isomorphism for all n ≥ n 0 (or equivalently for n = n 0 ). Proof. If |M | ≤ 2, then M is clearly simple. If |M | > 2, then 1 < a < M for some a ∈ M and a ∨ − is a nucleus on M with d < a ∨ − < e, whence M is not simple by Corollary 3.13.
Proposition 9.8. The following are equivalent for any near prequantale Q.
(1) Q is simple. (5) holds, then the map N n (Q) −→ N(N n (Q)) is an isomorphism for some n, whence N n (Q) is simple since (4) ⇒ (1), whence Q is simple since (2) ⇒ (1). Thus (5) ⇒ (1). This completes the proof.
Compact finitary nuclei
It is a natural problem to determine the compact elements of the poset N(M ) of all nuclei on an ordered magma M and to determine for which such M the lattice N(M ) is algebraic. The same problem may be posed for the poset N f (M ) of all finitary nuclei on M . In this section we take some preliminary steps towards a solution to these problems. Recall that R(M ) denotes the set Idem(M ) ≥1 for any ordered unital magma M . (1) For all x ∈ Q, the element 1[x] is the least element y of R(Q) such that x ≤ y. We say that a morphism f : S −→ T of posets is coherent if f is sup-preserving and f (K(S)) ⊂ K(f (S)).
Proposition 10.4. Let M be a Scott-topological ordered commutative monoid that is a dcpo (resp., bdcpo). Then the map
is a coherent embedding of near multiplicative lattices (resp., bounded complete posets).
Proof. First, d − is well-defined and sup-preserving by Proposition 9.2. Let a ∈ K(R(M )).
Corollary 10.5. Let Q be a near multiplicative lattice. Then
If M is a near multiplicative lattice, then the set N ns (M ) of all near sup-preserving nuclei on M is a sub near multiplicative lattice of the near multiplicative lattice N f (M ) that is closed under arbitrary suprema, and d a ∈ N ns (M ) for all a ∈ R(M ).
Proof. We first show that the four statements of the proposition are equivalent. Clearly we haveLemma 11.6. Let Q be a near prequantale. Then Γ is a stable nucleus on Q for any set Γ of stable nuclei on Q.
Proof. Let X be a finite subset of Q that is bounded below. Then one has ( X)
Moreover, for any x, t ∈ Q with t compact, if x/t exists, then one has (x/t) ∧Γ = {(x/t) ⋆ : ⋆ ∈ Γ} = {x ⋆ /t : ⋆ ∈ Γ} = x Γ /t, and a similar proof holds for t\x if t\x exists. Thus Γ is stable.
Corollary 11.7. Let Q be a precoherent near multiplicative lattice such that every compact element of Q is residuated and x ∧ 1 exists for all x ∈ Q. A nucleus ⋆ on Q is stable if and only if ⋆ = {v(a) : a ∈ X} for some subset X of Q.
A module system on an abelian group G may be seen equivalently as a nucleus on the K-lattice 2 G0 −2 G . Since 2 G0 and 2 G0 −2 G are (coherent) K-lattices and 2 G0 −2 G is a U-lattice, most of the results of this paper, and in particular the results of Sections 3 through 6 and 8 through 11, apply specifically to module systems. In the next section we will apply our results to star and semistar operations. In fact those results may be stated more generally in terms of module systems, since the ordered monoids 2 G0 − 2 G and K(D), where D is any integral domain, share the relevant properties. Finally, as 2 M0 is a K-lattice for any commutative monoid M , many of our results apply as well to weak ideal systems. We leave it to the interested reader to carry out the details. 
(2) More generally, for any nucleus γ on a submonoid M of K(D) containing Prin(D), there exists a unique smallest semistar operation ⋆ on D such that ⋆| M = γ, and for all I ∈ K(D) one has
Although l( * ) has been studied predominantly in the literature, the semistar operation s( * ) is a useful alternative. Note in particular that s N f (F (D) ) ≤t , and all four of these posets are complete. Let Γ ⊂ SS(D) and ∆ ⊂ S(D), and let Γ (resp., ∆ ) denote the submonoid generated by Γ (resp., ∆) of the monoid of all self-maps of K(D) (resp., F (D)).
(1) One has 14. Integral closure, complete integral closure, and tight closure
Let us recall the definition of the integral closure semistar operation. Let D be an integral domain with quotient field F . If I ∈ K(D), then x ∈ F is integral over I if there exists a positive integer n and elements a i ∈ I i such that x n +a 1 x n−1 +· · ·+a n−1 x+a n = 0. The semistar integral closure of I is the set I of all elements of F that are integral over I and is given by I = {IV : V is a valuation overring of D}. It follows that semistar integral closure is a semistar operation on D. In the literature of semistar operations it is often called the b-operation. Semistar integral closure is of finite type. Indeed, if x ∈ I, say, if x n + a 1 x n−1 + · · · + a n−1 x + a n = 0 for elements a i = j b ij1 b ij2 · · · b iji ∈ I i , where each b ijk lies in I, then x ∈ J, where J ⊂ I is the ideal generated by the b ijk . For any ideal I of D, the ideal I ∩ D is known as the integral closure of I. The operation of complete integral closure can also be used to define a semistar operation. If I ∈ K(D), then x ∈ F is almost integral over I if there exists a nonzero element c of F such that cx n ∈ I n for all positive integers n. We define I to be the set of all elements of F that are almost integral over I, and we say that I is completely integrally closed if I = I. Although one may have D D, the map I −→ I is at least a preclosure on K(D). We define I ♯ = {J ∈ K(D) : J ⊃ I and J is completely integrally closed}, which we call the semistar complete integral closure of I. Since a J = aJ for all nonzero a ∈ F , and therefore I J ⊂ IJ, for all I, J ∈ K(D), by Lemma 4.1 the operation ♯ is a semistar operation on D. In particular, we have the following. 
